We expand multivariate Bernstein approximation asymptotically in this paper. Our results generalize Bernstein's asymptotic formulae in 1] (see also 5]) to the multivariate setting.
INTRODUCTION
Bernstein approximation, the approximation of functions by using Bernstein polynomials, is one of the classic research topics but is a very rich one. It dated back to 1912 and thousands of research papers related to this topic have been published since then (cf. 8], 3], 4]). Recently, the multivariate version of Bernstein polynomials called polynomials in B-form has attracted much attention and has become one of the main tools in computer aided geometric design and in multivariate spline approximation for the representation and computation of piecewise polynomial functions. The theoretic results and applications of multivariate Bernstein polynomials are well summarized in 2]. These motivate us to study the multivariate Bernstein approximation. In this paper, we are interested in obtaining the multivariate generalization of the asymptotic formulae of Bernstein approximation (see 9] and 1] or 5]).
Since the multivariate version of Bernstein approximation only attracted sporadic attention before, there is not much research on the generalization available in the literature. However, the bivariate generalization was considered by Stancu Our problem is to nd the asymptotic expansion of B n (f; x) ? f(x). We will state our main results in the next section and prove them in the section after.
STATEMENT OF MAIN RESULTS
De ne the polynomials S n (x) of degree by S n (x) = n j j X for any 2 ZZ s+1 + with j j = n. Thus,
since Bernstein polynomials preserve linear polynomials, i.e., S n (x) = 0 for j j 1. In order to obtain the asymptotic expansion of B n (f; x) ? f(x), we need to further our study on S n (x). We have the following lemmas. # Therefore, we nally reach our conclusion. We obtain the following after some simpli cation. We now need to show that Q s j=0 0; j ] j is a positive integer. This can be done by using an induction argument. We leave the details to the interested reader. Actually, this fact follows from Lemma 2. Thus, we complete the proof of Lemma 1. Proof of Lemma 2.
We use induction to prove this lemma. It is clear that jP We can divide i 1 ; ; i j j into other kind of 2 groups and nd the similar summation as above. There are jP j j 2 j possibilities of such partitions of indices i 1 ; ; i j j . Thus, the second term in the summation for k = 1 comes into a play with the rst term in the summations for k = 2 to become n(n ? 1) n j j which is one of the terms in the expression ( ). These justify some of the terms in ( ). Similarly, we can verify the remaining terms. This completes the proof.
Let (j 1 ; ; j k ) = 2m(j 1 ) + + 2m(j k ) 2 ZZ s
